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Introduction

T HE theory of thermopiezoelectricitycan be applied to piezo-
electric materials that are utilized in the environments where

thermal effects are important.1 The adverse environmentswhere the
control systemsare functioningmay combine multiple � elds,which
must be considered for an effective and reliable control. The theory
of thermopiezoelectricity has been applied to system control only
in the past few years.2

The purpose of the robust design of a system is to ensure its reli-
able and steady performancedespite the changes in parameters and
existence of disturbances.The Taguchi robust design methodology
was developed by Taguchi3 in the 1950s and 1960s to meet the
demand for high-performanceproducts and systems. The method-
ologyhas been tested in vastly different� elds, and its valuehas been
proven through applications.

In this work, the robustnessof a thermopiezoelectricactuatorpair
bonded to a cantilever beam is studied using thermopiezoelectric
� nite element equations in Taguchi methodology. The objective of
the robustness study is to identify the parameters and the levels of
their effects on the closed-loop system performance.

Modeling of Thermopiezoelectric Continua
The linear quasistaticequationsfor a thermopiezoelectriccontin-

uum are given by4

T D cS ¡ eE ¡ ¸µ; D D eT S C "E C Pµ
(1)

´ D ¸T S C PT E C ®µ

where T, S, D, and E are the vectors of stress, strain, electrical dis-
placement,and electrical� eld, respectively.In Eq. (1) ´ andµ are the
entropy per unit volume and temperature variation relative to a ref-
erence temperature 20 , respectively.Other symbols in the equation
stand for the constitutivecoef� cients with appropriatedimensions.2

The generalized heat equation is written as5

2 Ṕ D ¡rT h C W (2)

where 2 is the absolute temperature (2 D 20 C µ ), h is the vector
of heat � ux, and W is the heat source intensity per unit volume. The
following relations for mechanical, electrical, and thermal � elds are
also noted:

S D Luu; E D ¡rÁ; h D ¡K rµ (3)

where u is the displacementvector, Á is the electricalpotential, and
K and Lu are the matrices of heat conductionand differentialopera-
tor, respectively.The use of the third equation of Eq. (1) and Eq. (3)
in Eq. (2), together with the � nite element approximations, yields
one of the global � nite element equations for the thermopiezoelec-
tric continuum as

¡Cµu Pu C CµÁ
PÁ ¡ Cµµ

Pµ ¡ Kµµ µ D Q (4)

where Q is the external heat vector and Cµ u , CµÁ , Cµ µ , and Kµµ

are the � nite element matrices.2 To derive the other two equations
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for a unique solution in u, Á, and µ , a functional 5 is de� ned
as5

5 D
V

.G C ´2/ dV ¡
V

uT Pb dV ¡
S1

uT Ps dS

¡ uT Pc C
S2

Á¾ dS (5)

where G is the thermodynamic potential; Pb , Ps, and Pc are the
vectors of body, surface, and concentrated forces, respectively;and
¾ is the surface charge. Hamilton’s principle is expressed as

±

t2

t1

.K i ¡ 5/ dt D 0 (6)

where K i is the kinetic energy given by

Ki D
1

2 V

½ PuT Pu dV (7)

Using Eqs. (1), (5), and (7)with the � niteelement approximations
in Eq. (6) yields the other two global � nite element equations for
the thermopiezoelectriccontinuum as

Muu Ru C Kuuu C KuÁÁ ¡ Kuµ µ D F
(8)

KÁuu ¡ KÁÁÁ C KÁµ µ D G

where F and G are the global vectors for applied force and charge,
respectively, and Muu , Kuu , KuÁ , Kuµ , KÁÁ , and KÁµ are the � nite
element matrices.2

Taguchi Robust Design Methodology
Taguchi robust design methodologywas developed to ensure the

consistent performanceof a system despite the variances in param-
eters of the system and other noise factors. Taguchi methodology
is composed of three design steps, namely, system design, param-
eter design, and tolerance design steps.3 The system design step
is the step where the conceptual design takes place for the initial
system design. The parameter design phase is the phase where it is
attempted to make the system robust against noise factors including
variations in design and manufacturing of the system and external
disturbances. The tolerance design step is the � nal step, which is
implemented to improve the system performance if the parameter
design stage is not satisfactory.

The application of Taguchi methodology to a cantilever beam
structure with a thermopiezoelectric actuator pair is implemented
as follows:

1) An objective function f and several parameters affecting the
objective functionare identi� ed. The objectivefunction is chosenas
the absolute sum of the vertical displacements (de� ections) of the
tip of the beam subjected to simultaneous mechanical and thermal
loads. Various parameters that in� uence the objective function are
identi� ed as the lengthand thicknessof theactuatorsand thedistance
of the actuators from the � xed end of the beam.

2) Levels are selected for the parameters to indicate their limits of
variation. These levels are comparable with the ranges commonly
used in the literature.

3) An appropriate orthogonal array is chosen. The choice of the
orthogonal array depends on the parameter levels. L9 orthogonal
array is used in this study.3

4) The responseof the control system due to mechanical and ther-
mal loads are found using the parameter settings in the orthogonal
arrays, and the values of the objective function and signal-to-noise
ratio (S=N ) for the smaller-the-better characteristic are computed.
The best parameter setting is decided to occur at the highest value
of S=N .

5) An analysis of variance test is performed to calculate the per-
centage effects of the parameters on the objective function.
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Table 1 Levels of parameters

No. Bss , m Z , m d , m

1 0.0002 0.05 0.20
2 0.0005 0.12 0.23
3 0.0008 0.20 0.26

Table 2 Temperature increases with changes
in thickness of actuators

Bss , m µ1 , K µ2, K µ3, K µ4, K

0.0002 5.6 5.5 7.4 5.3
0.0005 6.5 6.3 10.0 6.0
0.0008 6.3 6.3 8.9 5.0

Fig. 1 Cantilever beam with thermopiezoelectric actuator pair.

Case Study
A cantilever beam mounted with a thermopiezoelectricactuator

pair, shown in Fig. 1, is considered in the case study. The system is
divided into 25 elements for the � nite element modeling.The struc-
tureandactuatorsaremadeup of aluminumand PVDF, respectively,
whose material properties are given in Ref. 2. The length L of the
structure and its height are � xed at 0.5 m and 0.01 m, respectively.
The thickness and length of the actuators, Bss and d, and distance
of the actuators from the � xed end of the beam, Z , are chosen to be
the parameters, which vary in certain limits (Table 1) and in� uence
the control performance.

The control performance is realized by the objective function as
de� ned before. The mechanical load is assumed to be a unit step
force acting downward at the tip of the beam. While the mechanical
load is acting, the system is assumed to be equilibrated at certain
temperatures due to steady-state thermal � elds of two types. In the
� rst type, a uniform temperature increase of 25 K for the whole
system is assumed. A heat � ux of 500 W/m2 directed upward is
imposed on the system as the second type. Because the system is
much larger in size in the longitudinal direction, the temperature
variations due to the heat � ux take place mostly in the vertical di-
rection.Hence, four distinct temperature increasesare noted. These
are µ1, µ2, µ3, and µ4 , which represent the temperature increases
along the bottom and top sides of the beam and along the bottom
and top sidesof the bottomand top actuators,respectively.The com-
puted temperature increases with the variation in thickness of the
actuatorsare given in Table 2. Note that in the tables, the subscripts
1 and 2 on f , S=N , and percentage effect refer to the simulations
where the thermal � elds of the � rst and second type are imposed, in
addition to the mechanical load. The beam is controlled by the lin-
ear quadraticregulatorcontroltechnique6 using thermopiezoelectric
actuators.

Taguchi methodology is performed using L9 orthogonal array.
The L9 orthogonal array, the values of f , S=N , and percentage
effect are given in Tables 3 and 4. The parameter settings at which
the S=N attains the highest and lowest values are named as the best
and worst designs, respectively. It is clear from Table 3 that the
best design is achieved at the highest levels of Bss and d and at the
lowest level of Z for the thermal � elds of both types. On the other
hand, the worst design correspondsto the parametersetting 8 for the
� rst thermal � eld and setting3 for the second.The superiorityof the
best design over the two worst designs is evident in the closed-loop
system de� ection plot shown in Fig. 2 for the thermal � eld of the
second type.

Table 3 L9 orthogonal array, objective function, and S/N values

No. Bss Z d Bss £ Z f1 .S=N /1 f2 .S=N /2

1 1 1 1 1 0.669 3.48 0.671 3.47
2 1 2 2 2 0.674 3.43 0.672 3.34
3 1 3 3 3 0.675 3.41 0.683 3.31
4 2 1 2 3 0.653 3.70 0.557 5.08
5 2 2 3 1 0.666 3.53 0.629 4.02
6 2 3 1 2 0.686 3.27 0.616 4.21
7 3 1 3 2 0.632 3.99 0.361 8.85
8 3 2 1 3 0.697 3.13 0.446 7.02
9 3 3 2 1 0.696 3.14 0.538 5.37

Table 4 Percentage effects on objective function

Parameters Percentage Percentage
and interactions effect1 effect2

Bss Not signi� cant 69
Z 52 Not signi� cant
d 25 Not signi� cant
Bss £ Z Not signi� cant Not signi� cant

Fig. 2 Tip de� ection of closed-loop system due to mechanical and sec-
ond type thermal loads.

Conclusions
Taguchi robust design methodology is applied to a closed-loop

structure containing a cantilever beam and a thermopiezoelectric
actuator pair. The control performance of the system is measured
through an objective function taken as the absolute sum of the tip
de� ectionsof the systemsubjectedto mechanicaland thermaldistur-
bances.The parametersaffectingthecontrolperformanceare chosen
as the length, thickness, and location of the actuator pair. Based on
the numerical results, it is concluded, in general, that the actuators
that are large in size and close to the � xed end perform better in
controlling the structural behavior. The degree of importance of the
parameters varies depending on the type of thermal disturbance.
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Introduction

E IGENSTRUCTURE assignment has received considerableat-
tention as a method for design of � ight control systems.1¡3

Although recently overshadowed by various H1-based techniques
in the research literature, eigenstructure techniques offer a simple
method for designing low-order, easily implementable controllers
that can directly incorporate handling quality speci� cations. It is
well known that, for a controllable linear system, eigenstructure
techniques can be used to design a linear feedback controller that
places closed-loop eigenvalues and shapes closed-loop eigenvec-
tors into desired con� gurations.4 The question for the designer is
how to specify these desired eigenvaluesand eigenvectors.The ap-
proachdevelopedin this Note is to usea state-spacemodelof desired
responses that is based on � ying quality speci� cations. This state-
space model is then used to generate the desired eigenvalues and
eigenvectors,which are to be obtained by feedback control. In this
Note, a direct method is used for calculating the gain matrix, which
achieves the desired eigenvalues exactly and the desired eigenvec-
tors in a best least squares sense. Direct methods for eigenstructure
assignment by least squares methods are described in numerous
references.1¡6 Garrard et al.5 and Low and Garrard6 showed how to
use handling quality speci� cations for helicopters to generate de-
sired eigenstructures, which were then achieved in a least squares
sense by feedbackcontrol. In this Note, the technique is extended to
lateral-directionalcontrol of an aircraft. As an illustrativeexample,
controlof a tailless aircraft is considered.The method of state-space
modelingof handlingqualitiescouldalso be used in designofmodel
matching H2 or H1 controllers.

In a recent paper Mengali7 developed a somewhat different ap-
proach to eigenstructuredesign in which he � xes a priori the compo-
nents of the desired eigenvectorsand then numerically minimizes a
linear quadratic performance index to achieve the desired eigenval-
ues within speci� ed limits. There are two major differencesbetween
the control design methodology in this Note and that of Mengali’s.
These are 1) the way in which the desired eigenstructureis selected
and 2) the way in which the gain matrix is calculated.Mengali con-
siders thecontrolof a large transport.The open-loopresponseof this
aircraft is relativelywell behavedcompared to the very unstableair-
craft considered in this Note. It is not clear that Mengali’s approach
to closed-loopeigenvector selection would work well in the case of
an extremely unstable aircraft. On the other hand, the method for
eigenvectorselectiondescribedin this Note couldbeusedwith Men-
gali’s method for gain matrix calculation.This is an interesting idea
because the direct method may, in some cases, result in large actua-
tor de� ections, whereas Mengali’s method automatically trades off
eigenvalue location (bandwidth) with surface activity.This tradeoff
would have to be done by hand using the direct method.
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Design Technique
The system to be controlled is given in linear state-space form as

Px D Ax C Bu (1)

and the control is a linear function of the state vector

u D ¡K x (2)

The feedback gain matrix is selected such that this control law re-
sults in desired placement of closed-loop eigenvalues and shaping
of closed-loop eigenvectors. In the method presented, the desired
eigenstructure is derived from a state-space model that represents
the desired response. This model is given by

Pxd D Adxd C Bd xc (3)

The question is how to select Ad and Bd to give speci� ed han-
dling qualities. It is widely accepted that a � rst-order, roll-rate re-
sponse and a second-order, side-slip response are desirable for ac-
ceptable handling qualities. Although many papers have developed
controllers that decouple roll rate and side slip, it is clear from a
knowledge of basic handling qualities that this is not desirable for
stability augmentation because it implies neutral static lateral sta-
bility, i.e., L¯ . (Neutral lateral stabilitymay be desirable in a control
augmentation system.) Also a stable, long time constant, spiral re-
sponse is bene� cial to good handling qualities.8

Desired lateral-directionalresponse is modeled as

P̄
PÁ
Pp
Pr

D

0
g cos µ

V
0 ¡1

0 0 1 0

L¯ 0 L p 0

N¯ 0 0 Nr

¯

Á

p

r

C

0 0

0 0

¡L p 0

0 ¡N¯

pc

¯c

(4)

There is no cross coupling in the Bd matrix to avoid a roll-rate com-
mand as input to the yaw axis or vice versa. Because Ad determines
the eigenstructure,it is speci� ed so that it has a � rst-orderroll subsi-
dence mode, a second-orderDutch roll mode, a stable spiral mode,
and static lateral stability. The characteristic equation for Ad is

.L p ¡ s/ ¡s3 C Nr s
2 ¡ N¯ s C

g cosµ

V
.Nr ¡ s/L¯ D 0 (5)

If g cos µ=V is small, then the nonzero roots of this equation are

s D L p ; s D .Nr =2/ § 1
2

Nr ¡ 4N¯ (6)

Assuming s small to get the spiral root yields

L p N¯ C L¯

g cos µ

V
s ¡

g cosµ

V
Nr L¯ D 0 (7)

Substituting numerical values in these approximationsgives

s D ¡4; s D ¡0:0389; s D ¡0:5 § j1:9365

The actual eigenvaluesof Ad are

s D ¡4:0289; s D ¡0:0382; s D ¡0:4665 § j1:9581

The approximations just given are very similar to the three-degree-
of-freedom Dutch roll approximationof McRuer et al.9 for Y¯ zero
and if the derivatives are prime. It is easy to include Y¯ in the for-
mulation just given;however, in the � ying quality speci� cations, no
unambiguous speci� cation of the desired value of this variable ap-
pears to exist and so it was set equal to zero for the sake of simplicity.


